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Abstract:

In this paper, we use the optimal
homotopy asymptotic method (OHAM) for the
solution
of
Non-linear
two
dimensional
incompressible laminar boundary layer flow of fluid
in the presence of transverse magnetic field. The
obtained results for the stream function and velocity
profile were comparable in terms of accuracy with
that obtained by A. Abdullah (2009) who studied
the heat transfer problem using homotopy analytic
method and compared with the numerical results
reported previously.
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I. INTRODUCTION
The study of MHD flow and heat transfer over a
stretching sheet is one of the very important
problems in fluid mechanics. The problem of an
electrically conducting fluid over a stretching
porous plate in a porous medium with an external
transverse uniform magnetic field has many
applications in petroleum industry; purification of
crude oil and fluid droplets sprays wire and fiber
coating and polymer technology, production of
plastic sheets and other instrument. All these
processes depend on the physical properties of the
fluid around the sheet. To understand the features of
the flow over stretching sheet, various studies have
been done traditionally for Newtonian fluids. S.D.
Nigam and S.N. Singh [1], have studied the heat

transfer by laminar flow between parallel plates
under the action of transverse magnetic field. The
results have obtained for heat transfer problem
corresponding to Hartmann’s velocity profile for
forced flow between two infinite parallel plates. A
simplified case valid for large peclet numbers has
been worked out numerically. The mean mixed
temperature and local total Nusselt number are
tabulated and shown graphically. These results are
compared with the corresponding values for the heat
transfer problem in which the magnetic field is
absent and the fluid is electrically non-conducting.
They found that due to ionic-conductivity the mean
missed temperature at any point is decreased and
consequently the local total Nusselt number is
increased. K. Vajravelu and J. Nayfeh [2], have
studied the Hydromagnetic flow of dusty fluid over
a stretching sheet. They have reduced the equation
of motion in coupled non-linear ordinary differential
equations. These coupled non-linear ordinary
differentials are solved numerically on a IBM
4381with double precession, using a variable order,
variable step size finite difference method. The
numerical solutions are compared with their
approximate solution, obtained by perturbation
technique. For small values of
the exact
(numerical) solution is in close agreement with that
of the analytical (approximate) solution. It is
observed that, even in the presence of a transverse
magnetic field and suction, the transverse velocity
of both fluid and particle G phases decreases with
an increase in the fluid particle interaction
parameter, , or the particle-loading parameter, k.
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Moreover, the particle density maximum at the
surface of the stretching sheet, and the shearing
stress increases with an increase in
or k. In
engineering and scientific problems as flow of fluid
and heat transfer from different geometries are
usually non-linear and only a small number of these
problems can be solved exactly. Some nonlinear
equations are normally solved by using numerical
techniques. Shijun Liao [3], has studied the
homotopy analysis method for nonlinear problems
and results obtained by this analysis agrees well
with numerical results and can be regarded a
definition of the solution of the considered
nonlinear problem.
Hang Xu and S.J. Liao [4], have studied the
homotopy analytic solution for the unsteady power
law fluid flows on an impulsively stretching sheet
taking into consideration the hall effects. They
obtained a convergent series solution by HAM
method. T. Hayat et al. [5], has studied homotopy
solution for the channel flow of a third grade fluid.
They have compared the solutions with exact
numerical solution for various values of the physical
parameter and found that a proper choice of the
auxiliary parameter occurring in HAM solution
generate very close results.
M. Sajid and T. Hayat [6], have studied non-similar
series solution for boundary layer flow of a thirdorder fluid over a stretching sheet. They obtained
the solution of nonlinear ordinary differential
equation by homotopy analysis method (HAM), and
also compared with the existing results in the
literature. Rafael Cortell [7], has studied MHD flow
and mass transfer of an electrically conducting fluid
of second grade in a porous medium over a
stretching sheet with chemically reactive species.
They have obtained the variations of dimensionless
surface concentration and dimensionless surface
concentration gradient as well as mass transfer
characteristics with various parameters and Graphs
has also been plotted. Their numerical computations
show that the effect of destructive chemical reaction
is to diminish the concentration boundary layer.
Recently some researchers have worked out on the
boundary layer problem of flow of Non-Newtonian
fluid over stretching sheet. Z. Zang and J. Wang [8],
have studied the similarity solution of MHD flow of
power-law fluids over a stretching sheet. They
obtained a rigorous mathematical analysis for a

MHD boundary layer problem, which arises in the
two dimensional steady laminar boundary layer
flows for an incompressible electrically conducting
power law fluid along a stretching flat sheet in the
presence of an exterior magnetic field orthogonal to
the flow. In the self-similar case, the problem is
transformed into a third order nonlinear ordinary
differential equation with certain boundary
conditions, which is proved to be equivalent to a
singular initial value problem for an integrodifferential equations of first order. Hang Xu and S.
J. Liao [9], have studied dual solution of boundary
layer flow over an upstream moving plate. They
have obtained the dual solutions in series expression
with the proposed technique, which agree well with
numerical results. This indicates that the homotopy
analysis method is an open system, in the
framework of this technique.
S. Awang kechil and I. Hashim [10], have studied
the steady two–dimensional laminar MHD Hiemenz
flow against a flat plate with variable wall
temperature in a porous medium which was solved
numerically using the implicit finite difference
technique of keller-box method. They obtained an
approximate analytical solution of the problem by a
simple analytical solution of the adomian
decomposition method (ADM). A. Abdullah [11],
has studied homotopy analytical solution of MHD
fluid flow and heat transfer problem, and obtained
analytical uniformly valid solution. The solutions
has been verified graphically as well as numerically
and compared with the numerical results reported
previously.
Sheikholeslami et al. [12], has studied the
Analytical investigation of Jeffery-Hamel flow with
high magnetic field and nano particle by Adomian
decomposition method, the traditional Navier-stokes
equation of fluid mechanics and Maxwell’s
electromagnetism governing equations are reduced
to nonlinear ordinary differential equations to model
the problem and obtained results are well agreed
with that the Runge-Kutta method. Sheikholeslami
M and D.D. Ganji [13], have studied the Heat
transfer of Cu-water nano fluid flow between
parallel plates analytically using homotopy
perturbations method. They have obtained the
relation between Nusselt number and nano particle
volume fraction. Mabood et al. [14], have studied
the Blasius equation and solved it using a new
technique called the optical homotopy asymptotic
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method. The solution procedure was found to be
effective and has advantages in comparison to
HAM. They also provided an approximate solution
without any assumption or linearization.
S. Zuhra et al. [15], have studied the singular
boundary value problems by optimal homotopy
asymptotic method, the solutions have been
compared with the solutions of another method
named as modified adomian decomposition
(MADM). For testing the success of OHAM, both
of the techniques have been analyzed against the
exact solutions in all problems. It has been found
that the OHAM solution converges rapidly. Bewar
A. Mahmood et al. [16], have studied homotopy
analysis method for solving nonlinear diffusion
equation with convection term, and compared the
results with exact solution. S. Islam et al. [17], has
studied Application of Optimal homotopy method
of Benjamin-Bona-Mahony and Sawada-Kotera
Equations. They compared the results with
Homotopy perturbation method and exact
differential equation. OHAM is found efficient and
fast
convergent
during
computation
by
Mathematica. Bathayna S. Kashkari et al. [18],
have studied the application of Optical homotopy
asymptotic method for the approximate solution of
kawahara equation. They compared the obtained
results with exact solution, homotopy perturbation
method, variation homotopy perturbation method
and variation interation method.
Hakeem ullah et al. [19], has studied the
formulation and application of optical homotopy
asymptotic method to coupled differential
difference equation. To see the efficiency and
reliability of the method, they consider relativistic
Toda coupled nonlinear differential-difference
equation, and provided a convenient way to control
the convergence of approximate solutions when it is
compared with other methods of solution found in
the literature. N. R. Anakira et al. [20], have studied
multistage optimal homotopy asymptotic method
for solving initial value problems. The main
advantage of this study is to obtain continuous
approximate analytical solutions for a long time
span. Numerical examples are tested to highlight the
important features of the new algorithm,
comparison of the MOHAM results, standard
OHAM, exact solution and fourth-order Runge
Kutta method.

In this present paper, our objective is to implement
the OHAM method to MHD flow of fluid and heat
transfer problem. The solution expresses auxiliary
parameter p and k, which is then varied to
determined its optimum value. For various values of
p, k and magnetic parameter M, the solutions have
been obtained in this present paper.

II. MATHEMATICAL FORMULATION
A: Basic Problem Formulation of NonLinear equation:We know that the MHD flow of viscous,
incompressible, electrically conducting fluid on a
linear stretching surface and heat transfer, in the
presence of a transverse constant magnetic field
and a uniform free stream of constant velocity and
temperature governed by the continuity equations,
the momentum equation and the energy equation,
the boundary conditions read, respectively as
follows:
(1)
(2)
,

(3)

And the boundary conditions are
(4)
(5)
Here is the stretching rate constant,
are the
velocity of fluid, is the kinematic viscosity, is
the acceleration due to gravity, is the coefficient
of thermal expansion, T is the temperature, is the
electric conductivity,
is the magnetic field, is
the density and is the thermal conductivity of the
laminar fluid. In terms of the stream function the
velocity components are
(6)
Now in the
transformation

above

equation

using

the
(7)

Now the system of equation of (1), (2), (3) we get
the transformation
(8)
,
(9)
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here the differentiation denotes with respect to ,
and F,
is only the function of ,
is the local Grashof number,
is the magnetic parameter, and
is the Prandtl Number.
The continuity equation (1) is satisfied identically,
and the boundary conditions become
.
(10)
In the above differential equation F represent the
velocity coefficient of fluid and
be the
temperature coefficient of the fluid.

B: Principle of Optical
Asymptotic Method:-

Homotopy

The principles of OHAM as expanded by Marinca
and Herisau [21] and other researchers.
Let us assume the following Non-linear differential
equation and boundary conditions are
(11)
where U(x) is an unknown function, G(x) is a
known function, N is a nonlinear operator, L is a
linear operator, and B is a boundary operator. With
OHAM is constructed the set of equations:

(17)
Now using equation (6) and (7) into equation (2),
collecting the same powers of p, and equating each
coefficient of p to zero, and then obtained the sets
of linear differential equation with boundary
conditions. Then solving the differential equation
using boundary conditions, zeroth-, first-, and
second-order
solutions
can
be
obtained.
The solution of the differential equation (1) is
determined as
(18)
Substituting equation (7) in equation (1) results in
the following residual
,
(19)
if
then
will be the exact solution.
For nonlinear problems, generally this will not be
the case.
For determining
using the
method of least squares
,

(12)
.
(13)
Here the value is in between [
], and it is
embedding parameter,
is a nonzero ausiliary
function fro
and
, and
is
unknown function. For
and
, its holds
that
(14)
The Value of p increases from 0 to 1, and solution
of
varies from
to the solution
,
where
is obtained from equation (2) for
.
.
(15)
In this the function of
is chosen in the form:
,
(16)
where
are constants which is to be
determined.
Expanding
in Taylor’s series expansion
about p, one has been written as:

(20)

where P is the minimum error, with these
conditions we can find the approximate solution of
mth order. The system of non-linear differential
equation (8) and (9) is a coupled system of NonLinear ordinary differential equations and it is
difficult to solve by the common methods of
solution of the system of ordinary differential
equation. We want to solve the Non-Linear
ordinary differential equation by OHAM method,
which basic principle is given above.

III. METHODS OF SOLUTION
In this section, the optimal homotopy asymptotic
method (OHAM) is applied the solution of non
linear differential equation. For this purpose we
choose the set of bases functions to approximate
the unknown functions
and
respectively
as
(21)
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,

(22)

(32)
(33)

,
Putting the value of
from
equation (21), (22) and (16) in the differential
equation (12) we get

(34)

,

(35)

(23)

(24)
Equating the coefficient of
above equation (23) & (24), we get

from the
,

(36)

(25)

,

(26)

,

(27)
(28)
,

.

(29)

(30)

The boundary conditions are

(31)
Now integrating the zeros, first and Second order
differential equation (25), (26), (27), (28), (29),
(30) under the boundary condition (31), we get

(37)
Where
bellow

is known constant, which is given
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, (38)
(41)
Now putting the value of
in equation (38 a), (39 a), (40)
& (41)
(39)
Using the equation (32), (33), (34), (35), (36), (37)
in equation (21) & (22), we get

,

(42)

(43)

(44)

(40)

(45)
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Using the method of least square in equation (44)
& (45), we get the value of
For
For

Putting these values in equation (40) & (41), we
get

(47)

(46)

(48)
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(51)

(49)

IV. RESULTS AND DISCUSSION
The objective of the present study is to find out
the solution of MHD flow of fluid and heat
transfer problem by optical homotopy asymptotic
method. In this paper the graph of velocity

(50)

against distance has been plotted using
constant parameter p, k and M. Fig.1. is the
graph of width of the channel against velocity
of fluid and show that with the increase of the
embedding parameter p, axial velocity of flow
increase sharply, whereas increase of
parameter k, do not affect the axial velocity of
fluid, which has been shown in Fig. 2.
Fig.3. is the graph of width of the channel
against temperature change of the fluid and
show the variation of embedding parameter p.
With the increase of the embedding parameter
p the temperature of the fluid decreases slowly,
whereas increase of parameter k, not affected
the axial velocity of fluid, which is shown in
Fig. 4. Fig.5. is the graph of width of the
channel against the velocity of fluid and
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temperature of the fluid. This graph reveal the
variation of embedding parameter p and it is
observed that with the increase of the
embedding parameter p the velocity of fluid
and heat transfer of the fluid decreases slowly.
The graph of width of the channel against
radial velocity of fluid has been shown in Fig.
6. It is observed that with the increase of the
embedding parameter p the radial velocity of
fluid increases.
Fig.7. is the graph of width of the channel
against
at embedding
parameter p = 0.3 and p = 0.8. This figure
shows that with the increase of p then the

value of
observed

increases. It is
that the compared values of
in regard to
decreases. It
has also been observed that order of derivative
of heat transfer of fluid
decreases, which has been shown in the figure
8, at p = 0.8. From Fig 9; it is observed that the
increase of Magnetic parameter M, axial
velocity of fluid sharply increases where as
radial velocity of fluid slowly increases.
Fig.10, is the graph of width of the channel
against heat transfer of fluid; it is shown that
increase of magnetic parameter M, there is no
change of heat transfer of fluid.
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Fig. 1. Graph between dimensionless variable and velocity of fluid
;
this graph shows that the variation of embedding parameter p at
constant value of Pr = 0.7, Gr = 0.5 and M = 0.1.
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Fig. 2. Graph between dimensionless variable and velocity of fluid
; this graph shows that the variation parameter k at constant
value of Pr = 0.7, Gr = 0.5 and M = 0.1.

3
k = 0.5, p = 0.3
k = 0.5, p = 0.6
k = 0.5, p = 0.9

2.5
2
1.5
1
0.5

0

1

2

3

4

5

6

Fig. 3. Graph between dimensionless variable and velocity of fluid
; this graph shows that the variation embedding parameter p
at constant value of Pr = 0.7, Gr = 0.5 and M = 0.1.
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Fig. 4. Graph between dimensionless variable
and velocity of
fluid
; this graph shows that the variation parameter k at
constant value of Pr = 0.7, Gr = 0.5 and M = 0.1.
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Fig. 5. Graph between dimensionless variable
and velocity of fluid
; this graph shows that the variation of embedding
parameter p at constant value of Pr = 0.7, Gr = 0.5 and M = 0.1.
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Fig. 6. Graph between dimensionless variable and radial velocity of fluid
; this graph shows that the variation of embedding parameter p at
constant value of Pr = 0.7, Gr = 0.5 and M = 0.1.
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Fig. 7. Graph between dimensionless variable and
; this
graph shows that the variation of embedding parameter p at constant value
of Pr = 0.7, Gr = 0.5 and M = 0.1.
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Fig. 8. Graph between dimensionless variable and
; this
graph shows that the variation of derivative of at constant embedding
parameter p = 0.8 and other constant parameter k = 0.5, Pr = 0.7, Gr =
0.5 and M = 0.1.
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Fig. 9. Graph between dimensionless variable and axial velocity of fluid f ;
this graph shows that the variation magnetic parameter M at constant
embedding parameter p = 0.8 and other parameter k = 0.5, Pr = 0.7, Gr =
0.5 and M = 0.1.

72

IRACST – Engineering Science and Technology: An International Journal (ESTIJ), ISSN: 2250-3498
Vol.7, No.3, May-June 2017

2.5
M = 0.5
M = 0.8

2
1.5
1
0.5
0
-0.5
0

2

4

6

8

10

Fig. 10. Graph between dimensionless variable and heat transfer of fluid
; this graph shows that the variation magnetic parameter M at
constant embedding parameter p = 0.8 and other parameter k = 0.5,
Pr = 0.7, Gr = 0.5.

V. Conclusion
In this article, the solution of MHD flow of fluid and
Heat transfer study in fluid by Optima homotopy
asymptotic method has been investigated. The main
objective is to investigation the effect of k,
embedding parameter p and magnetic parameter M
on the velocity of fluid and heat transfer studied with
bounding wall. With the increase of embedding
parameter p, the axial & radial velocity of fluid
increase sharply, whereas the reciprocal affect on the
heat flow of fluid is observed. On the other hand with
the increase of Magnetic parameter M, axial and
radial velocity of fluid increase sharply and opposite
effect of heat flow of fluid this has been shown in
figures. Such types of flows have applications in
engineering and biological problems such as
accelerators electrostatics filtration, preparation
polymer, petroleum industry and purification of
crude oil and plasma studies.
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