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Abstract
Real-world mobile ad-hoc networks are often partitioned into
multiple connected components separated from each other by
large distances — for example, large-scale rescue operations
with teams at different sites. A key paradigm for
communication in such networks is message ferrying, where
mobile agents such as unmanned aircraft traverse the network
geography and carry messages from senders to receivers. Endto-end latency is an important metric for routing in missioncritical settings and ferry routes have to be optimized to
minimize messaging de-lays. In this work, we formalize the
problem of constructing ferry routes that minimize two
aggregate measures of delay (average and maximum), and
provide lower bounds on the performance of any routing
algorithm for these objectives. We provide a simple scheduling
algorithm called PIZZAS that comes within a constant factor of
the optimum in idealized but tractable scenarios. Existing work
into ferry scheduling uses heuristics to construct specific
algorithms; in contrast, we examine the e entire class of
latency-minimizing algorithms and provide a theoretical
framework to understand their performance.

1 Introduction
Sparse mobile ad-hoc networks are characterized by intermittent connectivity between nodes — there does not always exits
a path between the source of a message and its destination.
Such networks form an important real-world subset of Delay
Tolerant Networks (DTNs), a networking paradigm for
partially connected networks used in diverse settings such as
disaster response, military co-ordination, wild-life monitoring
and outer-space networks [7, 3].
Many real deployments of DTNs exhibit clustered topologies
[15, 16], where each cluster of nodes has internal ad-hoc
connectivity but cannot communicate with other clusters; in
other words, the networking graph is disconnected and
composed of multiple connected components. An example is a
disaster recovery scenario in a flooded city with no working
communications infrastructure, where rescue workers armed
with short-range radios can interact with their own team but
cannot contact teams in other parts of the city.

One approach to communication in such networks is to
exploit or arrange for contact between nodes in the system (for
example, see [21]). However, in real settings node movement is
deter-mined more by strategic and tactical considerations than
communication efficiency, and this is particularly true for
clustered topologies in disaster scenarios — it is unlikely that a
firefighter will battle his way through wildfires to deliver data
to a remote team, or that chance encounters will occur between
members of different teams. A more promising approach is to
use dedicated message ferries [27, 28] that range over the
theater of operations, picking up packets from senders and
delivering them to receivers.
In this paper, we examine the use of aircraft to ferry data in a
sparsely connected mobile ad-hoc network. The use of aircraft
has been proposed previously for sensor data collection [20,
22] and for message ferrying [24]. Inexpensive Unmanned
Aerial Vehicles (UAVs) can be used to ferry data reliably in
battlefield and rescue settings [4]; each aircraft sweeps the site,
collecting data exchange requests and delivering them as
needed. The critical metric for any communication scheme in
such scenarios is end-to-end message delay; hence, planning
aircraft routes to minimize message delivery latencies is of vital
importance.
Accordingly, we provide the first theoretical framework for
analyzing the latency characteristics of route planning
algorithms for message ferries. While specific heuristic-based
algorithms for planning ferry routes have been proposed in
literature [28], this paper takes the first step in examining the
generic class of ferry routing algorithms and provides provable
lower bounds on the best achievable end-to-end latency
provided by any such algorithm. In addition, we show that a
relatively simple scheduling algorithm comes within a constant
factor of the optimal solution.
The results in this paper are applicable to many related
problems involving mobile transport agents, such as timecritical data fusion in sensor networks [18]. In fact, the
relevance of this work extends beyond communication in
distribution systems; a more general example is that of a public
transport system where a number of vehicles go around a city,
picking up and dropping off passengers at certain points.
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We provide an empirical validation of the PIZZAS algorithm
and show that it works well even in settings which are
analytically intractable.
The rest of the paper is organized as follows: in Section 2,
we present our model of communication, and various variants
of it. In Section 3, we state our algorithm and give statements
of our results. Analytical results and proofs are presented in
Section 4 followed by empirical validation for sample scenarios
in Section 5. We give a survey of related work in Section 6, and
conclude and suggest future directions in Section 7.

2 Modeling and problem definition
In this section we precisely model the problem considered in
this paper. The idea here is to capture the core of the real world
problem by focusing on a few essential parameters in such a
way that the resulting simpler problem is interesting as well as
analytically tractable.
2.1 The network model
The connectivity graph of a partitioned ad-hoc network is disconnected and comprises of n connected components (denoted
by V ), also called super nodes or simply nodes. The super
nodes contain a small number of short-range radios in a
relatively small geographic area — they are represented by a
stationary point in the Euclidean space — and cannot contact
other super nodes without external infrastructure.
We consider the use of aircraft as message ferries to transfer
data between the n super nodes. To this end, we have a
collection of k ≥ 1 aircraft which fly above super nodes to
collect data and deliver it to its destination. Since the
geographic size of a super node is relatively small compared to
distance between them, we assume that the aircraft has to move
(exactly) above it to ex-change data with it. The aircraft move
at speed s1,s2,….,sk and denote the sum si equal to adding all
values from 1 to k. Once above a super node, the super node
can upload/download data to/from the aircraft. The aircraft can
also exchange data among themselves, when they are in
vicinity of each other in the air. Another method for air-craft to
exchange data is for an aircraft to leave data with one super
node and for the other aircraft to collect it from the same super
node. An important realistic restriction in the model is that
when a super node generates a packet, no aircraft is informed
of this event: some aircraft has to fly over the super node to
learn whether that super node has any packet to transmit.
Let G = (V, E, l) denote the graph with vertex set V (the set
of all super nodes) and edge set E with length function l : E →
R≥0 on them. As mentioned before, super nodes are assumed to
be embedded in the Euclidean plane (hence l is a Euclidean
metric). We make the following definition to quantify the
spread of the network.
Definition 1. For a graph G = (V, E, l) and a node v ∈ V , let
N ∗(v) = arg min{u|(v,u)∈E}l((v, u)) denote the closest vertex to
v. Let lmin = mine∈E l(e) denote the shortest edge in G, i.e., the
distance between closest pair of nodes.
With n super nodes and k aircraft, the goal is to schedule aircraft's routes so as to facilitate communication among super
nodes with least possible delivery delays. In the rest of this

section we discuss variations of our model based on (1) the
traffic pattern, (2) the measure of end-to-end latency used, and
(3) the layout of the super nodes in the Euclidean space.
2.2 Communication Pattern
We consider two abstract communication patterns that cover
many real-world scenarios.
Centralized: A central point of control (a `headquarters' HQ)
exists that coordinates activity in the theater of operations,
and traffic flows from super nodes to the headquarters and
back.
Any-to-any: super nodes communicate with each other in peerto-peer fashion without sending data through a central
location.
Accordingly, we use two models: one with a central headquarter that every super node reports to and one without a headquarter where nodes coordinate with each other directly.
Importantly, the headquarters is merely a location with more
advanced and expensive communication equipment connecting
it to the outside world. In the context of a disaster rescue
situation, this could be a truck with a satellite link
communicating with an actual command center outside the
theater of operations.
In our analysis, we make a crucial assumption about the way
traffic is generated in the network. We assume the traffic is
uniform; data packets are generated at a rate of R packets per
time unit. For each packet, source and destination are chosen
uniformly at random from the pool of all possible n(n − 1)
pairs. This assumption is meant to model a system where a
constant aggregate data rate is spread out across different
communicating node pairs. Our analysis can be easily modified
to support different traffic generation patterns — for example,
settings w here certain node pairs communicate at a constant
data rate to mirror periodic real-time sensor traffic.
2.3 Objective function
When we schedule aircraft to fly over super nodes, the
objective is to make communication efficient. The meaning of
efficiency is different depending on the application; we focus
on end-to-end message latency, which includes the time that a
message waits at its source until an aircraft arrives, the transit
time on the aircraft (to reach the destination), and possibly
other waiting times at other nodes. There are two natural ways
to define low latency.
Minimum worst-case latency (MinMax objective), the
objective it to minimize the worst case latency of any
message.
Minimum average case latency (MinSum objective), the
objective is to minimize the average latency of messages.
The aptness of an objective function for a particular scenario
is highly application-specific; hence we consider both of them
in our analytic work.
2.4 Super node placement
An important parameter in the problem definition is the structure
of the graph G, how super nodes in V are distributed, and what
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Figure 1: Sample super nodes placements. These are scenarios with headquarters and show trajectories of the PIZZAS algorithm. From left to right: random
scenario, regular scenario, and non-uniform scenario.

are their relative distances. We assume that all nodes in graph
are distributed in a large circular region of area A. For how
they are placed relative to each other, there are two placements
that are tractable and natural enough to deserve consideration.
Regular points: the super nodes are placed on lattice points
(grid points) in the circle of area A. They are equally
spaced in horizontal and vertical direction, see the middle
panel of Figure 1.
Random points: the nodes are placed uniformly at random in
the circle, see the left panel of Figure 1.
2.5 Eight scenarios
According to the three dimensions of classification described
above, we consider 8 models in our analytical work. We use
acronyms to refer to them, with a common naming scheme
[communication
pattern]-[objective
function]-[super
node
placement]. The names of all eight scenarios are then HQMinMax-Regular, HQ-MinSum-Regular, NoHQ-MinMax-Regular,
and NoHQ-MiniSum-Regular for regular point sets and HQMinMax-Random,
HQ-MinSum-Random,
NoHQ-MinMaxRandom, and NoHQ-MinSum-Random for random point sets.

3 Our Results
We start by observing that the problem considered in this paper
is strongly NP-hard, assuming a general traffic pattern of
communication. This can be seen by a reduction from metric
TSP problem and metric k-traveling repairman problem [6].
We omit the proof due to space constraints. Due to the NPhardness result, we focus our attention on developing
approximation algorithms with provable performance
guarantees.
As discussed in the previous section, we consider eight models
for the analysis: scenarios with and without headquarters, with
MinMax and MinSum objective functions, and with super nodes
distributed randomly and on a grid. Our main approach is the
following. For each model, we first find a lower bound on the
performance of any algorithm (in particular the optimum
algorithm). Then we prove that a simple algorithm, called PIZZAS
(introduced below), achieves the objective function value within a
constant factor of the lower bound. This proves that, even using a
simple-minded algorithm, we can approximate the objective
function within a constant factor of the optimum. We also present
a basic empirical validation of the PIZZAS algorithm and

compare the results to the theoretical guarantees.
3.1 The PIZZAS algorithm
1

The PIZZAS algorithm is designed for the scenario with
uniform traffic and uniform point distribution, but can be
generalized to any setting as shown in Section 5. Given the
circular region to be covered with aircraft, PIZZAS algorithm
2
cuts the entire region into k equal sectors of the circle , each
2 π
with internal angle k , with one super node common to all
areas. It then constructs an approximate minimum TSP
(Traveling Salesper-son Problem) tour of the points in each
region [2]. See Figure 1 for an example of such routes. The
algorithm then sends each aircraft on TSP tour of each sector.
Aircraft pick packets from super nodes, deliver them to the
destination if destination is on the path of the same aircraft,
otherwise, they drop off the packet with the common super
node (at the center), from which the appropriate aircraft picks
up the packet to deliver it to the destination. In the case of
headquarters scenarios, it is assumed that the node common to
all regions is the headquarter station.
Note that this two stage process is important in order to
utilize the k aircraft efficiently. Simply sending all k airplanes
on the same TSP tour, or having them fly around
independently, would incur latency that is more than a constant
factor away from the optimum.
It is somewhat surprising that such a simple algorithm
achieves delivery latencies that are only a constant factor away
from latencies incurred by an optimal schedule. We compute an
upper bound on this constant factor in the next section.
3.2 Preview of analytic results
We first prove a theorem that will help us with providing lower
bounds for routing scenarios in variety of models (Theorem 4).
This theorem uses a very simple idea: if aircraft are not given
enough time, they cannot cover enough edges of the network to
connect all possible pairs. This idea leads to sufficiently strong
lower bounds for a variety of models so as to prove constant
approximation factors for the PIZZAS algorithm. We then
specialize the theorem to the eight models we study.
Recall that lmin denotes the minimum pairwise distance between the super nodes of the network, and S denotes the sum of
1
2

PIZZAS stands for Points Independent Zig Zag Access System.

These k sectors of the circle look as if a pizza were being sliced into k slices, hence the
name.
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speeds of all aircraft. For the models with regular points in a circle
(super nodes placed on grid points), we obtain lower bounds on the
latency of any algorithm of the form Ω(1)nlmin √A/s where the

aircraft during a specified time period. Note that when we talk
about edge (u, v) in the Euclidean graph, we mean the straight line
between point’s u and v.

constant depends on the particular model. We obtain upper
bounds for PIZZAS algorithm, and for such models they look

Definition 3 (Coverage graph). For an algorithm O for routing
aircraft and time period [t0, t1], the coverage graph GO([t0, t1]) is the
graph defined on vertex set V ∪ MPO([t0, t1]) and with edge set
EO([t0, t1]) defined as follows. An edge e = (u, v) ∈ EO([t0, t1]) if some
aircraft went from u to v during time period [t0, t1] (without visiting
any other node in between). Note that aircraft need not move on
straight line paths; to span the edge (u, v), some aircraft needs to go
from u to v along some path (without visiting any other node on the
way). The graph

like O(1)

√n√ A
S

minimum distance is

. We use the fact that for n grid points, the min
√

1

n , and this way get a constant factor

For models in which n points are placed uniformly at random
in the circular region of area A, we obtain lower bounds of the
form Ω(1) n A

√√

and upper bounds of the form (using PIZZAS)

√√
. Computing the ratio of upper bound to lower bound
S
S

O(1)

n A

gives a constant factor approximation for all models.
The constant factors computed by this approach are not
necessarily the best attainable. We choose our techniques due
to their relative simplicity rather than with the goal of
computing the tightest bounds possible. The main message of
this paper should be taken as follows: a relatively simple lower
bounding technique combined with a naive algorithm can give
a constant factor approximation for a diverse variety of models.

GO([t0, t1]) = (V ∪ MPO([t0, t1]), EO([t0, t1])) is called the
coverage graph for algorithm O between time t0 and t1.

The following theorem, in essence, states that if the aircraft
are not allowed to fly for a long enough time period, then they
(collectively) cannot span all super nodes of the network.
Theorem 4 (General Lower Bound Theorem). Let O be any
algorithm for routing aircraft over the nodes in the Euclidean
graph G = (V, E). Let t0 be an arbitrary time instance and

4 Analytic results
This section presents the main technical contribution of the paper. Out of the eight models mentioned in previous sections, we
focus on HQ-MinMax-Random model and present detailed
proofs for this scenario. The proofs for the other seven models
have a similar flavor and are described in detail in the full
version of this paper [19].
We first present a general theorem in Section 4.1 for proving
lower bounds in these models, and then specialize it to the HQMinMax-Random scenario. In Section 4.2, we prove (up-per)
bound on the min-max latency of PIZZAS algorithm, and use it
to prove that PIZZAS is a constant factor approximation
algorithm for HQ-MinMax-Random scenario. Finally, in
Section 4.3, we present results for the other seven models.

t1 = t0 +

MStT(G)
k

P

= t0 +

MStT(G)

i=1 si

.

S

Then, for any node u ∈ V, there exists a node v ∈ V such that if u wants to send
a message to v during time [t0, t1), then aircraft routed according to O will not
be able to deliver the message to its destination (i.e., v) before time t1.

The main idea behind this theorem is simple. If the airplanes
do not have enough time to cover a full Steiner tree, then the
resulting coverage graph will be disconnected. It then suffices
to find a source-destination pair in disconnected components
that needs to communicate.

4.1.1 General theorem for lower bounds

Proof. Let aircraft 1 through k be at coordinates p1 through pk
respectively at time t0. Note that these coordinates might not
correspond to any super node in the graph G. Let us consider the time
interval [t0, t0 +ε]. Aircraft i can travel distance ε·si during this time
interval. In a similar manner, the total distance covered

Here we present the main theorem used for proving various lower
bounds in this paper. Let us introduce some notation fir st.

εsi = εS. Substituting ε =
by all the aircraft is at most
i=1
MStT(G) , we get that the total distance covered by all aircraft in
P

4.1 Lower bound on OPT

Notation 2. For a graph G = (V, E), let MSpT(G) and MStT(G)
denote the length of a minimum spanning tree and minimum
Steiner tree of G, respectively. Let MSpT(G, c) and MStT(G, c) for
c ≥ 1 denote the minimum length of a forest on G and Steiner
forest on G, respectively, with c connected components in it. We
have MSpT(G) = MSpT(G, 1) and

k

k

P

i=1 si

the time interval [t0, t1) is strictly less than
k

k

si

si = MStT(G).

i=1

X

MStT(G) = MStT(G, 1).

The Steiner tree can use points on the plane that are not super
nodes; they are called Steiner vertices, or meeting points in our
model, since aircraft can meet and possibly exchange data at
these points. The set of meeting points for algorithm O during
time period [t0, t1] is denoted by MPO([t0, t1]) The following
definition of a coverage graph reflects the trajectories of the

MStT(G)

(t1 − t0)S =

i=1

P
The

Coverage graph

GO([t0, t1))
MPO([t0, t1]), EO([t0, t1))) is therefore disconnected.

=

(V∪

Let C(u) denoted the connected component of GO([t0, t1)) containing u.
′
There exists another component C 6= C(u) in the coverage graph GO([t0,
′
t1)), since the graph is disconnected. Let v be a super node in C . As a
result of our choice, there is no path between u to v consisting only of
edges in EO([t0, t1)).
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Therefore a packet generated at u during this interval cannot
possibly reach v before the end of this interval, because packets are
carried by aircraft, and there is a cut separating u and v through
which no aircraft is crossing. This proves the theorem.

4.1.2 Lower bound for HQ-MinMax-Random
In this section, we present some strengthened lower bounds for
MinMax scenarios. Although the results here can be applied to
all scenarios with MinMax objective function, we focus on the
scenario with centralized communication pattern and randomly
placed super nodes, i.e., HQ-MinMax-Random scenario. The
main idea of the proof appears in Theorem 4, we extend that to
take into consideration the probabilistic nature of the
communication. We first introduce a notation for stating
probabilistic lower bounds.
Notation 5. By a lower bound of (L, p) we mean that lower bound
of L holds with probability at least p. Usual lower bounds then
mean (L, 1).

Theorem 6. Any algorithm for HQ-Minmax-Random asymptotically (as n → ∞) suffers a latency of

√

3

√

4

18e

√

nA

S

with proba-

bility arbitrarily close to 1.

Proof. Consider any algorithm O and a time instance t0. We will fix t1 and
consider the graph GO([t0, t1]) = (V ∪ MPO([t0, t1]), EO([t0, t1])). Unlike
in the proof of Theorem 4, we choose t1 small enough such that the graph
GO([t0, t1]) has c components. Since the graph spanned by moving aircraft
has at least c components (c to be determined later), its cost is at least
MStT(G, c), which can be bound using Theorem 10 (see Section 4.1.3).
Since the combined speed of all aircraft is S, if we

let t1 = t0 + MStT(G,c) , then the resulting graph GO([t0, t1]) has
S

at least c components. Let us define t = t1 − t0. Recall that S is the sum
of speeds of all aircraft. Let us define the notion of a potentially bad
pair.
Definition 7. Let GO([t0, t1]) be the coverage graph for interval [t0, t1].
An ordered pair (u, v) is called potentially bad if u and v belong to
different connected components of GO([t0, t1]). For 0 ≤ f ≤ 1, the ordered
pair is called f -bad if it is potentially bad and u sends a message to v
during first f -fraction of the time interval, i.e., during the time interval [t0,
t0 + f t].
If there is a potentially bad pair with respect to EO([t0, t1]) which sends
a message at time t0 (or the pair is 0-bad according to the Definition 7),
then we get a lower bound of t = t1 − t0 for maximum latency. But the
problem is that there might not be a 0-bad pair.

To circumvent this problem, we use the fact that packets are
being generated at a uniform rate of R packets per unit time
with uniformly chosen source and destination. The idea behind
al-lowing only c components instead of 2 as in the proof of the
Theorem 4 was precisely to allow many potentially bad pairs.
Let us go into the details now.
We first state a claim lower bounding the number of potentially
bad pairs with respect to EO([t0, t1]) above, whose proof is
straightforward and appears in the full version.

Claim 8. If there are n super nodes and c connected
components in which they reside, then there must be at least (c −
1)(2n − c) potentially bad (ordered) pairs. Also there must be at
least 2(c − 1) potentially bad pairs containing a particular super
node.

Now, coming back to the argument for lower bound. For the
scenario with a headquarters, we assume that R is the rate of
packet generation in the system. In a similar manner as above,
the probability that a single (random) packet has sourcedestination pair as a potentially bad pair is

2(c−1)

(there are

2(n−1)

2(c − 1) potentially bad pairs and 2(n − 1) pairs in all). The probability that
none of the Rf (Δt) packets generated in the first f -fraction of time period
[t0, t1] is to be carried between two nodes of a potentially bad pair is
Rf
1

t

−

2(c − 1)

e

− 2(n − 1)

nc−11 Rf t,

≤

−x

−

using the inequality 1 −x ≤ e . The expression above gives us the
probability that the lower bound of (1 − f )Δt does not hold.

The rather complicated expression above does not seem to
give much insight into how small or large the lower bound is
and how it depends on various parameters. We will now try to
make these bounds more readable.
We cannot hope for the bounds to hold with probability one,
since there is very small probability that packets are not
generated in the system. In such a case, no positive lower
bound holds. So, we want lower bounds to hold with high
probability, or we want them to be violated with very small
probability, say p (p will typically be 0.001). Using this bound
on the probability of violation of bounds, we get a relation
between f and c in expressions above.
For the headquarters scenario, equating the probability of
bound being not satisfied with p, taking log on both sides, and
solving for f , we get
log(1/p)(n − 1)

f=

(c − 1)R t
Plugging in this value in the expression for the lower bound,
we get
(1

f )Δt = t

−

=

log(1/p)(n − 1)

−

(c

1)R

MStT(G, c)

log(1/p)(n − 1) .

−

S

(c

1)R

−
This lower bound holds with probability 1 − p.
Lower bound for HQ-MinMax-Random For this case, the
length of MStT(G, c) can be bounded using Theorem 11. Plugging

in MStT(G, c) ≥

√

√

A

18

√

n
n

√

e

−c

√

3

in the expression

2
(we should take

to maximize the

c

for lower bound above gives
n

√

lower bound, but we simply use c =

√
3

4

√ nA

√
18e

S

√
−2 e

1

log( )
p

R

)
1 √ nA
2

≈16.15

e

S

log( 1 )
p

− 3.29

R

,
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which holds with probability at least 1 − p. We take p to be any 4.2 Upper bound on PIZZAS and performance guarantee
small constant (say 0.001 so that the bound holds with probabil- 4.2.1 A general upper bound theorem
ity 99.9%), and ignore the lower order term (since it is small in
In this section, we present a loose upper bound on the length of
1 √ nA
the limit n → ∞) to get the lower bound of 16.15 S .
Note that we are really not worrying about constant factors
ǫ
here. For example, just by choosing c = n (for small ǫ > 0)
above, we would have gotten an approximation factor equal to
half of what we got above, but we are not optimizing the performance guarantees.

a TSP tour on “slices of pizza.”
Theorem 12 (Length of TSP tour). Let n points be placed (possibly adversarially) in a sector of a disc with internal angle θ,
inner radius r1 and outer radius r2 . Then the length of a tour of
all its points is upper bounded by
2((r2 − r1)θr2 n)

4.1.3 Some bounds on MSpT(G, c) and MStT(G, c)

1/2

+ 2θr2 + (θr2) + (r2 − r1).

In this section, we prove some bounds on lengths of minimum
The proof of this theorem is an easy adaptation of
spanning trees and minimum Steiner trees for n-point sets. The correspond-ing result for unit squares in [10]. We omit the
proofs of these results are omitted for space constraints and ap- detail here. As an application of this bound, we will derive an
pear in the full version of the paper [19].
upper bound on the TSP tour length on a sector of a circle.
′

Lemma 9. Let G = (V, E) be a graph and E ⊆ E such that (V, Corollary 13. Let n/k points be placed in a sector with internal
′
′
2π
of circle of area A. The length of TSP tour in the sector
E ) has c components (E could contain cycles). Let S ⊆ V be a angle
k
′
√ √ √A
subset of vertices with |S| ≥ c. Then the number of edges of E
2 k
.
with at least one end point in S is at least |S| − c. More is bounded above by 2
√ A
precisely,
2π
√
and n = n/k in the
Proof. Take r2 =
k
π , r1 = 0, θ =
statement of Theorem 12, and ignore the lower order terms, to
′
|{e = (u, v) ∈ E : {u, v} ∩ S 6= ∅}| ≥ |S| − c.
get the desired result.
n

Now we derive a lower bound on the length of forests on n
point-sets.
Theorem 10 (General lower bound on MStT(G, c)). Let G =
(V, E) be a graph, and S be a subset of V with |S| ≥ c. Then, the
length of any Steiner forest with c components is at least

√

The constant factor in the above corollary can be improved
√

√

√

to 6 =
2 3 < 2 2 (and possibly to even smaller factor)
by making a little sophisticated tour, which will improve our
re-sults. We do not present this improvement here, since it
make the analysis more cumbersome.
4.2.2 Analysis of PIZZAS for minmax objectives

max c √ 32 min l(v, N

MStT(G, c) ≥ S: S

v

S

∗

(v)) ( S
||−

c) ,
!

∈
| |≥
∗
where N (v) denotes the distance of v to its closest neighbor.

The proof is an easy consequence of Lemma 9. It involves first
proving a similar result for spanning forests (rather than Steiner
√

3

forests) without a factor of 2 . Going from spanning forest to
Steiner forest can decrease the lower bound by at most a factor

√

3

of 2 [5].
We now specialize this result to the case of uniformly
distributed point-set.
Theorem 11 (Lower bound on MStT(G) for uniformly
distributed points). Let n points be distributed uniformly at
random in a circle of area A, and let the resulting graph be
called G. Then for any c ≤ n ,
√e

√
A

MStT(G, c) ≥ √ 18 √ n

√

n
√

3
e

−c

2 .

The proof involves estimating the distance of a point to its
nearest neighbor, using concentration of measure inequalities,
and using Theorem 10; see [19] for details.

We are now ready to analyze the performance of PIZZAS
algorithm and prove that it comes within a constant factor of
the optimum. We make an (additional) assumption that the
speeds of all aircraft are equal, and they are all equal to s.
Therefore, the sum of all speeds S is ks.
Recall that the PIZZAS algorithm chops off the entire region
into k equal areas (with one point common to all areas), and
constructs an approximately minimum TSP (Traveling
Salesper-son Problem) tour of the points in each region (see
Figure 1). It sends each aircraft on one TSP tour. Aircraft pick
packets from super nodes, deliver them to the destination if
destination is on the path of the same aircraft, otherwise, they
drop off the packet with the common super node, from which
the appropriate aircraft picks up the packet to deliver it to the
destination. The algorithm is really simple to implement, and
surprisingly gives a constant-factor performance guarantee.
Let us consider the minmax scenario with headquarters. In the
worst case, it might take two rounds of an aircraft for a particular
packet to be delivered. This might happen if the super node is just
after the headquarters on the path of the aircraft, and it generates
the packet just after the aircraft has left it. In this case, it will take
one round for the aircraft to collect the packet, and another round
to deliver the packet to the headquarters. The length of a TSP tour
on such region (sector of a circle), divided by common
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Table 1: Summary of results for MinMax scenarios. All lower
and upper bounds are multiplied by
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Table 2: Summary of results for MinSum scenarios. All upper
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speed of aircraft, is at most 8 S , as proved in Corollary 13.
√
2 8.
We prove the performance of PIZZAS algorithm in the
following theorem.
Theorem 14. Let R be the rate of message generation between

nA

and lower bounds should be multiplied by a factor of S

√

.

nA

4.3 Results for other scenarios

We use Chernoff bounds to prove that a large fraction of packets take long to reach their destination, and prove lower bounds
based on them.
Without going into any further details, Table 2 present
results for the minsum scenarios. Column 1 shows the name of
scenarios, column 2 and 3 show lower and upper bounds,
followed by column 4 which states the performance guarantee
(or the approximation factor), which is just the quotient of
upper bound and the lower bound. The lower bounds in the
table contain the factor of (1 − δ), which is there for highprobability results (while applying Chernoff bounds). The
number δ can be made as small as required.
With this we conclude our theoretical results. We would like to
remind the reader of the discussion about the magnitude of
constant factors at the end of Section 3.2. The constant factor
algorithms are important from theoretical point of view, but the
performance of an algorithm should also be evaluated using
simulations. As a first step in this direction, we provide a
simplified empirical verification of PIZZAS in the next section.

4.3.1 MinMax scenarios

5 Empirical Validation

We briefly state the results for other three models which cons ider
the goal of minimizing the maximum latency of any packet (MinMax models). The results are obtained in a manner very similar

As a proof of concept of the proposed PIZZAS algorithm, we
implemented it and tested its performance in a highly simplified
simulation, yet one that allows us to assess the relevance of the
theoretical analysis. The main aim of this empirical validation is to
compare the obtained results with the theoretical bounds de-rived
in Section 4, as well as to test the performance of PIZZAS in a
more realistic setting which is less amenable to analysis.
We consider three scenarios in the validation: random and
regular as in the analytical sections, plus non uniform scenario
which we describe later. All scenarios have experiments both with
the headquarters-centered communication pattern (HQ) and anyto-any pattern. The HQ communication means that messages are
going either from a super node to the HQ, or the other way around,
while the any-to-any pattern is such that supernodes send messages
to each other. But even in the any-to-any case we assume existence
of a node that is able to store and pass mes-sages as the aircraft
pass over. For simplicity of the text, we call this node an HQ. In
the random scenario, super nodes are positioned uniformly at
random in a circular area (and with the HQ in the center), and data
to be sent is generated with the same rate at every node. In the
regular scenario, super nodes are positioned on a grid in a circular
area. Finally, in the non-uniform scenario, the super nodes are
scattered around according to a normal distribution (rather than
uniform), and the data generation rate varies

Therefore, the worst case bound we get for maximum latency is

headquarters and other nodes. If other points
are uniformly dis√
√

tributed, then PIZZAS is a 2 8
HQ-MinMax-Random scenario.

4 √18 e
3 -approximation algorithm for the

Proof. For this scenario, we got a lower bound on any algorithm
√
√ 3
and PIZZAS achieves 2 8. Diving upper bound by the
of 4√
lower bound gives the desired performance guarantee.
18e

This finishes our discussion of performance guarantee of PIZ
- ZAS for the scenario with no headquarters, minimizing the
maximum delay with random placement of nodes.

to the last section, with minor modification in estimation of lmin
for regular points. In Table 1, the first column specifies name
of the scenario, second and third columns contain lower and
up-per bound respectively, followed by the performance
guarantee in the fourth column, which is equal to the upper
bound divided by the lower bound.
4.3.2 Minsum objective function
In this section, we mention results for the four models with
min-sum objective function. Recall that the goal in this model
is to minimize the average latency of packets, not the maximum
latency. The proofs are mostly similar to the last section (for
minmax objective function), and they can be found in the full
version.
The one main difference we would like to point out between
minmax scenarios and minsum scenarios is the following: in the
minmax scenarios, even one packet taking long causes the
algorithm to take long, so proving lower bounds is comparatively
easier. If we want to prove lower bounds for min-sum objective,
then we need to prove that there are many packets that take long
time to be delivered. This calls for another machinery that is
commonly used in randomized computation: Chernoff bounds.
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from super node to super node. We hope that this scenario
more closely resembles a potential real rescue situation. Details
about the scenarios and values used are given below.
We record the delivery delays experienced by individual
messages, and compute the average and maximum delays for
each scenario. We then compare these results with the
theoretical bounds.
5.1 Scenarios
For both uniform and non-uniform scenarios we used
parameter values that, to the best of our knowledge, would be
reasonable in a possible real world large scale rescue situation.
There are 200 super nodes (corresponding to 200 rescue teams)
that are spread in a circle with radius of 10km. In the random
case, these super nodes are placed uniformly at random in the
circle, in the regular scenario the nodes are placed on a grid that
fills the circular region, and the non-uniform scenario draws
each coordinate from a two dimensional normal distribution
with the mean off the center closer to the edge. All three cases
are depicted in Figure 1. There are 8 aircraft to serve the area,
and their speed is 35m/s (approximately 80 miles per hour).
Traffic is generated at each super node using a Poisson
process, with uniform rate of one message per 10 minutes on
each node in the uniform and regular scenario, and varying
rates for the non-uniform scenario. The messages are either
sent to a randomly chosen destination (any-to-any
communication), or all of them are sent to the HQ. The HQ
station can then further relay the messages over more powerful
wireless or satellite link to the true headquarters of the rescue
operation, which can be off-site. Additionally, the HQ replies
to each packet it receives, with a 5 minute delay. The overall
time being simulated is 10 hours, and approximately 24, 000
messages are being delivered in that time period. Sufficient
time at the end is allowed to deliver messages in transit.
5.2 PIZZAS Implementation
Here we discuss the particular implementation of the algorithm
introduced in section 3.1. First there is a preparation phase to
discover the routes for the aircraft:
1. Find a center of the mass of all the super nodes, weighted by
their rate of data generation. This will be the position of the
HQ station.
2. Find k (number of aircraft) sections of the field, centered at
the HQ position, such that each section contains
approximately the same weight of the super nodes. Each of
these sections will be serviced by one aircraft.
3. For every such section, find an approximation to the TSP
tour of the super nodes contained in the section, also going
through the HQ. In our implementation, this is done using
package tsp solve [8]. The cycles are the sought-for
scheduled routes for corresponding aircraft.
Then the actual algorithm proceeds as follows:
4. The aircraft all start from the HQ location, each following
its path (loop) in one section.
5. When an aircraft arrives at a super node, it off-loads all
messages it carries for that super node, and receives all
messages

the super node wants to send out.
6. At the HQ, the aircraft off-loads all messages that are to be
de-liver outside its section, and receives from the HQ
messages that are to be delivered in its section.
5.3 Comparison of theoretical and empirical results
Finally, we compare the analytical performance bounds from
Section 4 with the empirical results. The comparison confirms
that analytic lower bounds and upper bounds correctly predict
the behavior of PIZZAS algorithm, as well as the variation
among various models.
We plug in the parameters used in the empirical study into
the theoretical bounds summarized in Tables 1 and 2 and
compare the numbers with the empirical results. The parameter
2 2
values are: n = 200, s = 35m/s, k = 8, and A = π · (10000) m .
Random points
HQ-MinMax
NoHQ-MinMax
Regular points
HQ-MinMax
NoHQ-MinMax
Random points
HQ-MinSum
NoHQ-MinSum
Regular points
HQ-MinSum
NoHQ-MinSum

LB

PIZZAS

55.41

2186.08

5064.14

UB

55.41

3773.28

10128.28

LB

PIZZAS

387.64

1997.63

5064.14

UB

387.64

3883.62

10128.28

LB

PIZZAS

UB

4.20

956.77

2532.07

7.12

1663.98

5064.14

LB

PIZZAS

48.45

1097.48

2532.07

UB

72.68

1866.33

5064.14

In the non-uniform scenario, the average delays with and without HQ are HQ-MinSum=762.29 and NoHQ-MinSum=1365.51,
and maximal experienced delays are HQ-MinMax=2113.38 and
NoHQ-MinMax=3506.47. We have no theoretical bounds for this
scenario, but these numbers compare very well with the other
scenarios, suggesting that PIZZAS is applicable to a wider range
of settings than those listed in this paper.

Note that the empirically obtained numbers all fall more or
less in the middle of the theoretical bounds. In addition, when
the bounds double, as is mostly the case when comparing
scenarios with and without HQ, the empirically observed
latencies also roughly double. This suggests that although the
rigorous bounds may not be tight enough to predict exactly
what the latency will be, they capture very well how the
PIZZAS algorithm scales when going from one setting to
another.

6 Related work
Delay Tolerant Networks (DTNs) were introduced in [7], and
routing within such networks was considered in [9]. The concept
of mobile routing nodes was proposed in [26]; in this work, the
authors proved that designing an optimal ferry route is NP-hard in
the case where nodes are stationary. In subsequent work [28], the
authors considered the case of multiple ferries and stationary
nodes, and used heuristics to design good routes. Also, [29]
introduced proactive moment into the model, where nodes
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or ferries could alter routes to facilitate a rendezvous. In relation to
this body of work, we consider the case of multiple ferries and
stationary super nodes (multi-node connected components) and
provide strong analytical results on performance for an entire class
of algorithms as opposed to heuristics.

Alternatives to message ferrying in partitioned mobile adhoc networks involve exploiting chance encounters between
nodes to exchange data, as in epidemic routing [21], or
modifying node routes to allow for communication [12]. Voila
[17] examines set-tings very similar to the ones we consider,
with multiple components isolated from one another;
communication is undertaken by handing off data to nodes that
are likely to travel between components. In VADD [25], traffic
patterns and road layouts are used to predict node movement
for communication in vehicular networks. Other examples of
exploiting existing mobility include [11] and [23].
Separately, Data MULEs [18] were proposed as mobile
collection agents in sensor networks. Space-filling curves have
been proposed as candidate routes for efficiently traversing
sensor net-works [14]. Much of this work deals with different
applications (data collection) and different metrics (ferry
mileage), but our results could be used in sparse sensor
networks where the timeliness of data aggregation is critical.
The use of aircraft as mobile aggregators in sensor networks
was considered in [22] and [20]. Also, [1] proposes a
combination of high-power ground nodes called gateways and
high-altitude aircraft or satellites to provide communication for
partitioned networks — messages are first routed within a
connected component to the gateway, and then relayed via the
aircraft or satellite to other components.

7 Conclusion
Message ferrying is a key routing technology for partitioned
mobile ad-hoc networks in large-scale settings such as disaster
response, and can be realized through the use of unmanned
lightweight aircraft. End-to-end message delays are of critical
importance in such settings and depend entirely on the routes of
the ferry aircraft. In this paper, we provide the first theoretical
study of latency-minimizing ferry routing algorithms and
provide rigorous bounds on the achievable latencies of any
such algorithm. We also propose a routing algorithm called
PIZZAS that comes within a constant factor of the optimal
latency and empirically show that it works well in a variety of
scenarios. We consider this work to be the first step in
providing a rigorous framework for ferry routing, allowing for
a theoretical understanding of such algorithms that can be
extended to different metrics and to more specific models.
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